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We consider the time evolution of the adiabatic particle number in both time-dependent electric
fields and in de Sitter spaces, and define a super-adiabatic particle number in which the (diver-
gent) adiabatic expansion is truncated at optimal order. In this super-adiabatic basis, the particle
number evolves smoothly in time, according to Berry’s universal adiabatic smoothing of the Stokes
phenomenon. This super-adiabatic basis also illustrates clearly the quantum interference effects as-
sociated with particle production, in particular for sequences of time-dependent electric field pulses,
and in eternal de Sitter space where there is constructive interference in even dimensions, and
destructive interference in odd dimensions.
PACS numbers: 12.20.Ds, 03.65.Sq, 11.15.Kc, 04.62.+v
I. INTRODUCTION
Under the influence of certain gauge or gravitational curvatures, particles can be produced from vacuum. This
unusual feature of quantum field theory has far-reaching consequences for cosmology and astrophysics [1–8], as well as
for fundamental properties of particle physics, which may be probed with intense electromagnetic [9–12] or chromo-
electromagnetic fields [13–16], and also in analogue systems [17]. Well-known examples related to the particle pro-
duction phenomenon include:
(i) the Schwinger effect, the non-perturbative production of electron-positron pairs when an external electric field is
applied to the quantum electrodynamical (QED) vacuum [18–22];
(ii) cosmological particle production due to expanding cosmologies [23–25] and de Sitter spacetime [26, 27, 29–33];
(iii) Hawking radiation due to black holes and gravitational horizon effects [34–40];
(iv) Unruh radiation, particle number as seen by an accelerating observer [41];
The quantitative description of particle production processes requires a well-defined concept of particle number,
and these processes can be analyzed in various equivalent formalisms, for example: Bogoliubov transformations
[23, 26, 32, 33, 37, 42, 43], Green’s function methods [45], semiclassical tunneling [39, 46–50], worldline instantons
[51, 52], quantum kinetic equations [43, 53, 54], the Dirac-Heisenberg-Wigner formalism [55–57], classical-statistical
formulations [58–60], amongst others. In addition to technical computational issues, these processes raise challenging
conceptual questions about quantum information, entanglement entropy, quantum back reaction, radiation reaction
and the possibility of a maximum attainable electric field.
One of the main interesting aspects of vacuum pair production is the lack of a unique definition of the vacuum in a
curved spacetime or in a time-dependent electromagnetic field [61]. An essential difficulty is that one is trying to relate
a final vacuum to an initial vacuum, with the vacua connected by an intervening time-dependent perturbation of the
system. While a Fock vacuum may be defined at past- and future-infinity when the perturbation vanishes, there is no
unique separation into positive and negative energy states at intermediate times. This is just like the fact that there
is no unique separation into left- and right-going waves in an inhomogeneous dielectric medium [62, 63]. A standard
approach is to define particle number with respect to an adiabatic basis [4, 23, 24, 32, 33, 36, 37, 43, 44, 64–67]. In
the adiabatic approach, particle number is defined with respect to a basis of approximate states which reduce to free
states at past infinity. Such a construction is usually based on a semiclassical WKB-type approximation. However,
such WKB approximations are only defined within certain Stokes regions, which typically do not include both past-
and future-infinity. Thus, the evaluation of the final particle number requires evolving across Stokes lines, which
means that particle production is a direct manifestation of the Stokes phenomenon [68, 69], the jumps that arise
in certain quantities when Stokes lines are crossed. This Stokes phenomenon approach has been used to provide a
simple quantitative understanding of the quantum interference effects that arise in the Schwinger effect when the
probe laser pulse has non-trivial temporal structure [70], and also to analyze particle production in de Sitter space
[71]. Such interference phenomena due to sub-cycle pulse structure are well known, for example, in strong-field
atomic-molecular-optical (AMO) physics [72], as well as in condensed matter physics [73, 74].
In this paper we extend the Stokes phenomenon interpretation of particle production to the question of the time
evolution of the particle number, not just the particle number at asymptotically early and late times, but also at
intermediate times. This immediately confronts the aforementioned problem of the non-uniqueness of the adiabatic
basis. However, there is a remarkable general result in semiclassical asymptotic analysis, due to Dingle [75] and Berry
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2[77, 78], that describes a universal smoothing of the Stokes jumps in a special super-adiabatic basis in which the
(divergent and asymptotic) adiabatic expansion is truncated at optimal order in the vicinity of the turning points.
This mathematical result has previously been applied to the quantum evolution of non-relativistic two-level systems
[80, 81]. Here we apply this concept of a super-adiabatic basis to the problem of particle production in quantum field
theory. We illustrate the idea with applications to the Schwinger effect in sequences of time-dependent electric field
pulses, and also to particle production in de Sitter spacetime. The main results are:
1. the time evolution of the super-adiabatic particle number is significantly smoother than in other adiabatic bases,
with much smaller fluctuations;
2. the super-adiabatic basis reveals more clearly the quantum interference effects which previously have been
identified only in the asymptotically late time particle number.
In Section II we recall the Bogoliubov transformation approach to particle number, and its relation to the adiabatic
basis. In Section III we review the Dingle-Berry results concerning the large-order behavior of the adiabatic expansion,
and their implications for a universal smoothing of the Stokes phenomenon. In Sections IV and V we apply this super-
adiabatic basis to the Schwinger effect, and to particle production in de Sitter space. Section VI is devoted to a brief
discussion of these results.
II. ADIABATIC PARTICLE NUMBER
A. Bogoliubov Transformation and Adiabatic Particle Number
The production of particles from vacuum may be characterized by a Bogoliubov transformation that connects
asymptotic vacua before and after the effect of an external field [23, 24, 32, 33, 36, 37]. For the Schwinger effect in
a time-dependent background electric field, and for a cosmological background Friedmann-Robertson-Walker (FRW)
gravitational field (the Parker-Zeldovich effect), the computational problem reduces to the study of an oscillator
problem with a time-dependent frequency: (
d2
dt2
+ ω2k(t)
)
fk(t) = 0 (1)
The modes k are decoupled due to the spatial homogeneity of the background.
For the Schwinger effect, the oscillator equation (1) comes from a mode reduction of the Klein-Gordon equation
[for notational simplicity we consider scalar QED, but spinor QED is similar [68]],
(−D2µ +m2)Φ = 0, for modes
Φ ∼ ei~k·~xfk(t), in the gauge with time-dependent vector potential A‖(t). Then the effective time-dependent frequency
is [47, 48]
ω2k(t) = m
2 + k2⊥ +
(
k‖ −A‖(t)
)2
(2)
For the Parker-Zeldovich effect, the oscillator equation (1) comes from a a mode reduction of the Klein-Gordon
equation,
(
− 1√−g ∂∂xa
(√−ggab ∂
∂xb
)
+M2
)
Φ = 0, for modes Φ = Yk(Σ) fk(t)/a(t)
(d−1)/2, for the FRW metric ds2 =
−dt2 + a2(t) dΣ2, with expansion parameter a(t). Here the effective mass-squared is M2 = m2 + ξR, with coupling
parameter ξ and curvature R = d(d− 1)H2. de Sitter space is described in global coordinates by the scale parameter
a(t) = 1H cosh(H t). Then the effective time-dependent frequency is [23, 25]
ω2k(t) = H
2
(
γ2 +
(
2k + d− 3
2
)(
2k + d− 1
2
)
sech2(Ht)
)
(3)
γ2 =
m2
H2
+ d(d− 1)
(
ξ − d− 2
4(d− 1)
)
− 1
4
(4)
A conformally coupled scalar has ξ = 16 in four dimensional spacetime, and ξ =
1
8 in three dimensional spacetime.
The Bogoliubov transformation defines a set of time-dependent creation and annihilation operators, a˜k(t) and b˜k(t),
related to the original time-independent operators, ak and bk, by:(
a˜k(t)
b˜†−k(t)
)
=
(
αk(t) β
∗
k(t)
βk(t) α
∗
k(t)
)(
ak
b†−k
)
(5)
3For scalar fields |αk(t)|2 − |βk(t)|2 = 1, for all t. [For an uncharged scalar we replace (bk, b†−k) with (ak, a†−k).]
The time-dependent adiabatic particle number, N˜k(t), is defined for each mode k by the expectation value in the
original vacuum state |0〉 of the time-dependent number operator a˜†k(t) a˜k(t)
N˜k(t) ≡ 〈0|a˜†k(t) a˜k(t) |0〉 = |βk(t)|2 (6)
In the last step we have used the fact that the vacuum is annihilated by the original creation and annihilation
operators, ak|0〉 = 0 = b−k|0〉, assuming no particles are present initially. The total number of particles produced in
the mode k is given by the final value of N˜k(t):
N˜k ≡ N˜k(t = +∞) = |βk(t = +∞)|2 (7)
In this paper we are interested in the full time evolution of the adiabatic particle number N˜k(t), as it evolves from an
initial value of zero to some final asymptotic value N˜k ≡ N˜k(t = +∞).
B. Basis Dependence of the Adiabatic Particle Number
In a time-dependent background field there is no unique separation into positive and negative energy states [23, 61].
However, for a slowly varying time-dependent background we can define an adiabatic particle number with respect
to a reference basis that has a semiclassical limit corresponding to ordinary positive and negative energy plane waves
when the background is constant.
The adiabatic particle number thus depends on this choice of basis, and is specified as follows. We choose a set of
reference mode functions
f˜k(t) ≡ 1√
2Wk(t)
e−i
∫ tWk (8)
where Wk(t) is specified below. We then express the exact solution to the oscillator equation (1) as
fk(t) = αk(t) f˜k(t) + βk(t) f˜
∗
−k(t) (9)
This can be interpreted equivalently as a change of basis of creation and annihilation operators, writing the mode-
decomposition of the field operator as
φk(t) = akfk(t) + b
†
−kf
∗
−k(t) (10)
= a˜k(t)f˜k(t) + b˜
†
−k(t)f˜
∗
−k(t) (11)
Thus, the Bogoliubov transformation of creation and annihilation operators in (5) is consistent with the linear trans-
formation (9) between the exact solution fk(t) and the mode functions f˜k(t).
We must also specify the decomposition of the first derivative of fk(t) in terms of the mode functions, and the
general form consistent with unitarity (preserving the Wronskian relation: f∗ f˙ − f˙∗ f = i) is
f˙k(t) =
(
−iWk(t) + 1
2
Vk(t)
)
αk(t) f˜k(t) +
(
iWk(t) +
1
2
Vk(t)
)
βk(t) f˜
∗
−k(t) (12)
where Vk(t) is to be chosen. The freedom in the choice of Wk(t) and Vk(t) encodes the arbitrariness in defining positive
and negative energy states at intermediate times.
Conventional choices are based on a WKB approximation, taking Wk(t) = ωk(t). Two common choices are
1. Wk(t) = ωk(t) and Vk(t) = 0. This choice is made for example in [47, 48, 68]. Then substituting (9, 12) into
the oscillator equation (1) we obtain the time evolution of the Bogoliubov coefficients αk(t) and βk(t) as(
α˙k(t)
β˙k(t)
)
=
ω˙k(t)
2ωk(t)
(
0 e2i
∫ t ωk
e−2i
∫ t ωk 0
)(
αk(t)
βk(t)
)
(13)
42. Wk(t) = ωk(t) and Vk(t) = − W˙k(t)Wk(t) = −
ω˙k(t)
ωk(t)
. This choice is made for example in [43, 77]. Then substituting (9,
12) into the oscillator equation (1) we obtain the time evolution of the Bogoliubov coefficients αk(t) and βk(t)
as (
α˙k(t)
β˙k(t)
)
=
1
4i
(
3
2
ω˙2k(t)
ω3k(t)
− ω¨k(t)
ω2k(t)
)(
1 e2i
∫ t ωk
−e−2i
∫ t ωk −1
)(
αk(t)
βk(t)
)
(14)
Similar to the derivation of (13) and (14), the time evolution of the Bogoliubov coefficients αk(t) and βk(t) for arbitrary
Wk(t) and Vk(t) can be found and takes the form(
α˙k(t)
β˙k(t)
)
=
(
δk(t)
[
∆k(t) + δk(t)
]
e2i
∫ tWk[
∆k(t)− δk(t)
]
e−2i
∫ tWk −δk(t)
)(
αk(t)
βk(t)
)
(15)
such that
δk(t) ≡ 1
2iWk(t)
[
ω2k(t)−W 2k (t) +
(
V˙k(t)
2
+
V 2k (t)
4
)]
(16)
∆k(t) ≡ W˙k(t)
2Wk(t)
+
Vk(t)
2
(17)
The basis choice Wk(t) = ωk(t) and Vk(t) = 0 then implies that δk(t) = 0 and ∆k(t) =
ω˙k(t)
2ωk(t)
, while the second choice
Wk(t) = ωk(t) and Vk(t) = − W˙k(t)Wk(t) = −
ω˙k(t)
ωk(t)
implies that ∆k(t) = 0 and δk(t) =
1
4i
(
3
2
ω˙2k(t)
ω3k(t)
− ω¨k(t)
ω2k(t)
)
.
From (6) we see that the time evolution of the adiabatic particle number N˜k(t) is given by the time evolution of (the
magnitude squared of) the Bogoliubov coefficient βk(t) that enters the Bogoliubov transformation (5). We thus solve
the evolution equations (13) or (14) for βk(t), with initial conditions αk(t = −∞) = 1, and βk(t = −∞) = 0. Since
the evolution equations depend on the choice made for Wk(t) and Vk(t) in the mode functions, the time evolution of
αk(t) and βk(t), and hence of the adiabatic particle number N˜k(t), will depend on the basis choice.
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FIG. 1: The adiabatic particle number N˜k(t) in (6), defined with respect to two different adiabatic bases, for the Schwinger
effect in a time-dependent electric field with longitudinal vector potential A‖ = −Ea tanh(at), corresponding to a single electric
field pulse, E(t) = E sech2(at). The pulse parameters for this plot are: E = 0.25, a = 0.1, k⊥ = 0, k‖ = 0, all in units with
m = 1. The blue curves correspond to the basis Wk(t) = ωk(t) and Vk(t) = 0, with associated evolution equations (13), while
the red curves correspond to the basis Wk(t) = ωk(t) and Vk(t) = − ω˙k(t)ωk(t) , with associated evolution equations (14). The
right-hand figure shows the late-time evolution [notice the different vertical scale]. Notice that at intermediate times there is a
large difference in the time evolution profile of N˜k(t), both in the scale and form of the oscillations, while the final asymptotic
value of the particle number is the same in the two bases.
Nevertheless, a crucial observation is that the final asymptotic value, the total particle number Nk = N˜k(t = +∞)
is independent of the choice of basis. This is illustrated in Figure 1 for the case of Schwinger particle production in
a single-pulse electric field, and in Figure 2 for particle production in dS4, using the two different choices of mode
functions listed above in (13) and (14). The final particle number is the same for the two bases, but the adiabatic
particle number N˜k(t) is different at intermediate times. These differences include both differences in the scale, and
in the actual form of the oscillatory behavior at intermediate times.
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FIG. 2: The adiabatic particle number N˜k(t) in (6), defined with respect to two different adiabatic bases, for particle creation
in 4 dimensional de Sitter space with conformal coupling. The blue curves correspond to the basis Wk(t) = ωk(t) and Vk(t) = 0,
with associated evolution equations (13), while the red curves correspond to the basis Wk(t) = ωk(t) and Vk(t) = − ω˙k(t)ωk(t) , with
associated evolution equations (14). The de Sitter space has physical parameters: H = 0.5, k = 25, in units with mass scale
m = 1. The right-hand figure shows the late-time evolution [notice the very different vertical scale]. Notice that at intermediate
times there is a very large difference in the time evolution profile of N˜k(t), both in the scale and form of the oscillations, while
the final asymptotic value of the particle number is the same in the two bases.
III. SUPER-ADIABATIC PARTICLE NUMBER
In this section we review how to generate higher orders of the adiabatic expansion, and we introduce the concept
of the super-adiabatic basis.
A. The Adiabatic Expansion
The adiabatic expansion is obtained by substituting into the basic time-dependent oscillator equation (1) an ansatz:
fk(t) =
1√
2Wk(t)
e−i
∫ tWk (18)
This gives a solution to (1) provided that Wk(t) is related to the time-dependent frequency ωk(t) as:
W 2k = ω
2
k −
 W¨k
2Wk
− 3
4
(
W˙k
Wk
)2 (19)
Successive orders of the adiabatic expansion are obtained by truncating the expansion for Wk(t) at a certain order of
derivatives of ωk(t):
1. Leading order:
W
(0)
k (t) = ωk(t) (20)
2. Next-to-leading order:
W
(1)
k (t) = ωk(t)−
1
4
(
ω¨k
ω2k
− 3
2
ω˙2k
ω3k
)
(21)
3. Next-to-next-to-leading order:
W
(2)
k (t) = ωk(t)−
1
4
(
ω¨k
ω2k
− 3
2
ω˙2k
ω3k
)
− 1
8
(
13
4
ω¨2k
ω5k
− 99
4
ω˙2kω¨k
ω6k
+ 5
ω˙k
...
ωk
ω5k
+
1
2
(4)
ωk
ωk
− 297
16
ω˙4k
ω7k
)
(22)
64. At (j + 1)-th order, we obtain the expansion of
W
(j+1)
k =
√√√√√ω2k −
 W¨ (j)k
2W
(j)
k
− 3
4
(
W˙
(j)
k
W
(j)
k
)2 (23)
truncated at terms involving at most 2j derivatives with respect to t.
In this paper we will adopt the choice Vk(t) = − W˙k(t)Wk(t) , for the function relating the function Vk(t) in (12) to the
function Wk(t). The final super-adiabatic universal time behavior derived below is actually independent of this choice
[77]. Thus, the time evolution of the Bogoliubov coefficients αk(t) and βk(t), from which we deduce the adiabatic
particle number using (6), is given by the coupled equations (15, 16, 17) evaluated with Vk(t) = − W˙k(t)Wk(t) , with Wk(t)
replaced by W
(j)
k (t) for the entire expression. At the j-th adiabatic order it reads (recall that the subscript k labels
the longitudinal momentum, while the superscript (j) labels the order of the adiabatic expansion):(
α˙
(j)
k (t)
β˙
(j)
k (t)
)
= Λ
(j)
k (t)
(
1 e2i
∫ tW (j)k
−e−2i
∫ tW (j)k −1
)(
α
(j)
k (t)
β
(j)
k (t)
)
(24)
Λ
(j)
k (t) =
1
2iW
(j)
k (t)
ω2k(t)− (W (j)k (t))2 +
3
4
(
W˙
(j)
k (t)
W
(j)
k (t)
)2
− W¨
(j)
k (t)
2W
(j)
k (t)
 (25)
In this paper we investigate how the time evolution of the adiabatic particle number N˜k(t) changes as we change
the order of truncation of the adiabatic expansion. Note that the final asymptotic value for the particle number,
Nk ≡ N˜k(t = +∞), is independent of the choice of truncation order.
B. The Super-Adiabatic Basis
The adiabatic expansion is a divergent asymptotic expansion, and at higher orders j the expressions for W
(j)
k (t)
in terms of the original frequency ωk(t) rapidly become more and more complicated: see equations (20)-(22). This
makes the situation look uninteresting and suggests that a study of high orders is hopeless. But Dingle discovered a
remarkable universal large-order behavior for the adiabatic expansion [75]. Define the “singulant” variable
Fk(t) = 2i
∫ t
tc
ωk(t
′) dt′ (26)
where tc is a turning point, a solution of ωk(tc) = 0 that is closest to the real axis and located in the upper half plane.
Then if we characterize the higher-orders of the adiabatic expansion through the terms generated in the phase-integral
approach to WKB [76],
Wk(t) = ωk(t)
∞∑
l=0
ϕ
(2l)
k (t) (27)
then there is a simple and universal large-order behavior in terms of the singulant:
ϕ
(2l+2)
k ∼ −
(2l + 1)!
pi F 2l+2k
, l 1 (28)
Berry used this large-order behavior to resum the adiabatic expansion, to give a universal time-dependent form of the
transition across a turning point [77]. Each (complex) turning point can be identified with a particle creation event
(equivalently, in the scattering language, the “birth of a reflection” [77]). Berry’s result can be stated as follows. For
real ω2k(t), the turning points occur in complex conjugate pairs. Consider the situation of a single dominant complex
conjugate pair of turning points, as sketched in Figure 3. Then Berry found that when the adiabatic expansion is
truncated at optimal order, the Bogoliubov coefficient βk(t) evolves across the associated Stokes line according to the
universal approximate expression
βk(t) ≈ i
2
Erfc (−σk(t)) e−F
(0)
k , (29)
7tc
t⇤c
Re(tc)
sc
Stokes line
FIG. 3: For a single complex conjugate pair of turning points, (tc, t
∗
c) joined by a Stokes line [dashed blue line], we define sc as
the time at which the Stokes line crosses the real axis axis. Particle production associated with this pair (tc, t
∗
c) corresponds to
the jump across the Stokes line at sc.
where Erfc is the error function [79], and the natural time evolution parameter σk(t) is expressed in terms of the real
and imaginary parts of the singulant function:
σk(t) ≡ ImFk(t)√
2 ReFk(t)
(30)
The amplitude e−F
(0)
k is determined by the singulant between the complex conjugate turning points:
F
(0)
k = i
∫ t∗c
tc
ωk(t) dt , (31)
where the integral is taken along the Stokes line connecting the two turning points. In fact, the integral can be taken
along the straight line connecting tc and t
∗
c , and with proper choices of branches the result is real and positive [76, 77].
Thus, the Bogoliubov coefficient makes a smooth jump of universal shape when crossing a Stokes line, which suggests
the interpretation of the “time of particle creation” as the time sc at which the Stokes line connecting tc and t
∗
c crosses
the real axis, as sketched in Figure 3; this is the time at which σk(t) vanishes.
Recalling (6), we immediately deduce that in the context of particle production, the time evolution of the adiabatic
particle number N˜k(t) is given by the universal approximate expression
N˜k(t) ≈ 1
4
∣∣∣Erfc (−σk(t)) e−F (0)k ∣∣∣2 (32)
Furthermore, in the vicinity of the real crossing point sc of the Stokes line,
Fk(t) ≈ Fk(sc) + 2i ωk(sc)(t− sc) (33)
which leads to the simplified approximation:
σk(t) ≈ 2ωk(sc) (t− sc)√
2Fk(sc)
(34)
Finally, the order j at which the adiabatic approximation should be truncated depends on the parameters associated
with the turning points, and can be estimated in terms of F
(0)
k defined in (31): the optimal order j is the integer
closest to
j ≈ Int
[
1
2
(∣∣∣F (0)k ∣∣∣− 1)] (35)
In practice it is often a good approximation to estimate this optimal order by computing the absolute value of the
singulant (26), evaluated at the real part of tc.
8We take these remarkable results as our definition of the super-adiabatic basis: the basis in which the adiabatic
expansion is truncated at optimal order. The corresponding adiabatic particle number is then defined to be the
super-adiabatic particle number, and it has a universal time evolution in the vicinity of a turning point.
It is the universality of this result that makes this definition of a super-adiabatic particle number a useful and
well-defined concept. Because of this universality, we do not need to make the explicit large-order truncation of the
adiabatic expansion, which is very complicated at high orders, and moreover would be truncated at different orders
for different parameters. But the results of Dingle and Berry imply that this is not necessary: the universal form of
time dependence in (32) applies in general with optimal truncation.
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FIG. 4: Time evolution of the adiabatic particle number for the first 6 orders of the adiabatic expansion, for Schwinger particle
production in a constant electric field of magnitude E = 0.25, with transverse momentum k⊥ = 0 and longitudinal momentum
k‖ = 0, in units with m = 1. The numerical results, from integrating (24, 25) are plotted in solid-blue lines, and Berry’s
universal form (32) is plotted as a red-dashed curve in each sub-plot. Note the different vertical scales. The final asymptotic
value of the particle number, at future infinity, is the same for all orders of truncation. At intermediate times there are large
oscillations in the particle number, which become much smaller as the optimal order (j = 3) is reached, and then grow again
rapidly beyond this optimal order of truncation. Such behavior is characteristic of asymptotic expansions, where the order of
truncation depends on the size of the expansion parameter, and going beyond this optimal order typically yields increasingly
worse results.
9C. Illustrations of Super-Adiabatic Particle Number for Simple Fields
We first illustrate Berry’s result in the context of Schwinger particle production for simple electric fields that have
just a single pair of dominant complex-conjugate turning points.
1. Constant Electric Field
We first consider the simplest case, that of a constant electric field: E(t) = E. There is one pair of complex-conjugate
turning points (see, for example, [32, 33] for a thorough discussion). In Figure 4 we plot the time evolution of the
adiabatic particle number for the first 6 orders of the adiabatic expansion. The numerical results, from integrating
(24, 25) are plotted in solid-blue lines, and Berry’s universal form (32) is plotted as a red-dashed curve in each plot.
The final asymptotic value of the particle number, at future infinity, is the same for all orders of truncation [note the
different vertical scales]. At zeroth order of the adiabatic expansion we see at intermediate times large oscillations in
the particle number, roughly 30 times the scale of the final value. The magnitude of the oscillations decreases as we
approach the optimal order, j = 3, and then they rapidly grow again if we continue beyond the optimal order. Recall
that such behavior is characteristic of asymptotic expansions, where the order of truncation depends crucially on the
size of the expansion parameter, and going beyond this optimal order typically yields increasingly worse results. For
the physical parameters used in Figure 4, we have F
(0)
k ≈ 6.283, consistent with the estimate (35) for the optimal
truncation order, and exp(−2F (0)k ) ≈ 3.49× 10−6, consistent with the universal formula (32) for the particle number,
at late times.
2. Single-pulse Electric Field
A slightly more physical example is that of a single-pulse electric field, E(t) = E sech2(at), for which we use the
time-dependent vector potential:
A‖(t) = −E
a
tanh(at) (36)
This field leads to an infinite tower of pairs of complex-conjugate turning points, but in the semiclassical regime where
E  m2 and a  m, the effect is dominated by the pair closest to the real axis [68]. Thus, the behavior is quite
similar to that of the constant E field. The results are shown in Figure 5, and we observe the close similarity to
the constant E field results in Figure 4. Again there are large oscillations at intermediate times for low orders of
the adiabatic expansion. These subside as the optimal order (j = 3) is reached, and then grow again as one goes
to higher orders in the adiabatic expansion. The red-dashed curves show Berry’s universal error-function form (32),
with excellent agreement with the optimal order of truncation. For the physical parameters used in Figure 5, we have
F
(0)
k ≈ 6.050, consistent with the estimate (35) for the optimal truncation order, and exp(−2F (0)k ) ≈ 5.558 × 10−6,
consistent with the universal formula (32) for the particle number, at late times.
In Figure 6 we illustrate the universal nature of the optimally truncated form (32), by comparing the optimally
truncated order, for different field and momentum parameters, for Schwinger pair production in a single-pulse electric
field. In order to show all plots on the same scale, we have normalized the adiabatic particle number by its final value
Nk ≡ N˜k(t = +∞). In each plot the order j of the optimal truncation is indicated by the superscript (j) on N˜ (j)k (t).
The red-dashed curves show the universal error function form in (32), while the green-dot-dashed curves show the
universal form with the approximate expression (34) for the function σk(t). These results illustrate that across a wide
range of different field parameters, the universal super-adiabatic form (32) agrees well with the particle number at the
optimal truncation of the adiabatic expansion. Furthermore, the approximation (34), valid in the vicinity of a simple
turning point, works very well. Finally, the optimal order gives a clear physical picture of the particle creation event
as a single smoothed jump across the Stokes line, in contrast to the leading order of the adiabatic expansion which
has large unphysical oscillations in this time region. This feature is even more pronounced for the fields studied in the
subsequent sections, as particle production in these fields involves quantum interference between different creation
events.
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FIG. 5: Time evolution of the adiabatic particle number for the first 6 orders of the adiabatic expansion, for Schwinger particle
production in a time-dependent single-pulse electric field E(t) = E sech2(at), with magnitude E = 0.25, a = 0.1, transverse
momentum k⊥ = 0, and longitudinal momentum k‖ = 0, in units with m = 1. The numerical results, from integrating (24,
25) are plotted in solid-blue lines, and Berry’s universal form (32) is plotted as a red-dashed curve in each sub-plot. Note
the different vertical scales. The final asymptotic value of the particle number, at future infinity, is the same for all orders of
truncation. At intermediate times there are large oscillations in the particle number, which become much smaller as the optimal
order (j = 3) is reached, and then grow again rapidly beyond this optimal order of truncation. Such behavior is characteristic
of asymptotic expansions, where the order of truncation depends on the size of the expansion parameter, and going beyond this
optimal order typically yields increasingly worse results.
IV. SUPER-ADIABATIC PARTICLE PRODUCTION FOR THE SCHWINGER EFFECT IN
SEQUENCES OF TIME-DEPENDENT ELECTRIC FIELD PULSES
In this Section we show how the super-adiabatic particle number evolves in time for various classes of time-dependent
electric fields having nontrivial temporal structure, to illustrate the time-dependence of the associated quantum
interference effects. We concentrate on sequences of alternating-sign pulses, as these have been shown to permit
maximal constructive interference, via an analogy with the Ramsey effect of atomic physics, leading to a coherent
enhancement of the Schwinger effect [69]. For certain longitudinal momenta of the produced particles, the final particle
number is enhanced, while for others it is reduced by destructive interference, producing a momentum spectrum that
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FIG. 6: Illustration of the universal error-function form (32) of the time evolution of the adiabatic particle number in the
super-adiabatic basis. These plots show the time evolution of the optimally truncated adiabatic particle number (solid blue
curves) for the Schwinger effect, with the single-pulse time-dependent electric field with vector potential A￿ = −Ea tanh(at).
The four plots correspond to different choices of field parameters E and a, and also different longitudinal momenta k￿ of the
produced particles, in units with m = 1. In order to show all plots on the same scale, we have normalized the adiabatic particle
number by its final value Nk ≡ N˜k(t = +∞). In each plot the order j of the optimal truncation is indicated by the superscript
(j) on N˜ (j)k (t). The red-dashed curves show the universal error function form in (32), while the green-dot-dashed curves show
the universal form with the approximate expression (34) for the function σk(t). For the parameter values used in these plots,
F
(0)
k takes values 7.416, 2.967, 6.050, and 6.956, respectively, consistent with the estimate (35) for the optimal truncation order.
is a precise time-domain analogue of the interference pattern of the multiple slit interferometer [69]. We note that
such interferometric effects have been experimentally observed in analogue atomic ionization systems [82–85], and
more recently in a polariton system with two-color fields [86].
A. Two Alternating-sign Electric Field Pulses
We consider an electric field consisting of the two successive pulses, of alternating sign:
E(t) = −E sech2 [a(t+ b)] + E sech2 [a(t− b)] (37)
for which we can choose a time-dependent vector potential:
A￿(t) = −E
a
￿
− tanh ￿a(t+ b)￿+ tanh ￿a(t− b)￿￿ (38)
In addition to choosing the field parameters, we can choose to probe the momentum of the produced particles.
Following [68, 69], we consider the cases of maximal constructive interference and maximal destructive interference by
FIG. 6: Illustration of the universal error-function form (32) of the time evolution of the adiabatic particle number in the
super-adiabatic basis. These plots show the time evolution of the optimally truncated adiabatic particle number (solid blue
curves) for the Schwinger effect, with the single-pulse time-dependent electric field with vector potential A‖ = −Ea tanh(at).
The four plots correspond to different choices of field parameters E and a, and also different longitudinal momenta k‖ of the
produced particles, in units with m = 1. In order to show all plots on the same scale, we have normalized the adiabatic particle
number by its final value Nk ≡ N˜k(t = +∞). In each plot the order j of the optimal truncation is indicated by the superscript
(j) on N˜ (j)k (t). The red-dashed curves show the universal error function form in (32), while the green-dot-dashed curves show
the universal form with the approximate expression (34) for the function σk(t). For the parameter values used in these plots,
F
(0)
k takes values 7.416, 2.967, 6.050, and 6.956, respectively, consistent with the estimate (35) for the optimal truncation order.
is a precise time-domain analogue of the interference pattern of the multiple slit interferometer [69]. We note that
such interferometric effects have been experimentally observed in analogue atomic ionization systems [82–85], and
more recently in a polariton system with two-color fields [86].
A. Two Alternating-sign Electric Field Pulses
We consider an electric field consisting of the two successive pulses, of alternating sign:
E(t) = −E sech2 [a(t+ b)] + E sech2 [a(t− b)] (37)
for which we can choose a time-dependent vector potential:
A‖(t) = −E
a
(
− tanh [a(t+ b)]+ tanh [a(t− b)]) (38)
In addition to choosing the field parameters, we can choose to probe the momentum of the produced particles.
Following [68, 69], we consider the cases of maximal constructive interference and maximal destructive interference by
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FIG. 7: Time evolution of the adiabatic particle number for the first 6 orders of the adiabatic expansion, for Schwinger
particle production in a time-dependent double-pulse electric field (37), with parameters: E = 0.25, a = 0.1, b = 50, transverse
momentum k⊥ = 0, and longitudinal momentum k‖ = 2.51555, in units with m = 1. The longitudinal momentum is chosen
to correspond to constructive interference [68, 69]. The final asymptotic value of the particle number, at future infinity, is the
same for all orders of truncation. Note that the final asymptotic value of the particle number is 4 times that of the intermediate
plateau, which is the n2 enhancement factor for coherent constructive quantum interference [69]. At intermediate times there
are large oscillations in the particle number, which become much smaller as the optimal order (j = 3) is reached, and then
grow again rapidly beyond this optimal order of truncation. Such behavior is characteristic of asymptotic expansions, where
the order of truncation depends on the size of the expansion parameter, and going beyond this optimal order typically yields
increasingly worse results.
choosing two different values of the particle momenta, associated with the central maximum and the first minimum
of the momentum spectrum. The results are shown in Figures 7 and 8, respectively. In these plots the pulses occur at
t = ∓50. These plots show that in low orders of the adiabatic expansion there are large oscillations at non-asymptotic
times in the vicinity of the pulses, but at the optimal order of truncation (here j = 3) the time evolution becomes
smooth. Furthermore, we clearly see the coherent constructive interference in Figure 7, as the final plateau is four
times the value of the plateau between the two pulses. On the other hand, Figure 8 shows destructive interference, as
the super-adiabatic particle number rises to a value corresponding to a single pulse, and then falls back to zero after
the second pulse. In both Figure 7 and Figure 8, the physical parameters are such that F
(0)
k ≈ 6.050, consistent with
the estimate (35) for the optimal truncation order, and exp(−2F (0)k ) ≈ 5.56× 10−6, consistent with the intermediate
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FIG. 8: As in Figure 7, but with parameters: E = 0.25, a = 0.1, b = 50, transverse momentum k⊥ = 0, and longitudinal
momentum k‖ = 2.49887, in units with m = 1. The longitudinal momentum is chosen to correspond to destructive interference
[68, 69]. The final asymptotic value of the particle number, at future infinity, vanishes for each order of truncation. This
vanishing of the final asymptotic value of the particle number is characteristic of coherent destructive quantum interference
[69].
plateau value of the particle number in both cases.
Examples with pulses closer together in time, are shown in Figures 9 and 10. Note that while in Figures 7 and 8
it is easy to resolve the adiabatic particle number into two separate events, even at the lowest order of the adiabatic
expansion, it is more difficult to make such a distinction for the parameters of Figures 9 and 10. But at the optimal
order (here j ≈ 1−2) one can clearly resolve the situation of two separate creation events, with characteristic plateaux
amplitudes in the ratio 1 : 4 in the case of constructive interference (Figure 9), and destructive interference (Figure
10). In Figure 9 and Figure 10, the physical parameters are such that F
(0)
k ≈ 4.303 and 4.405, respectively, and
exp(−2F (0)k ) ≈ 1.83× 10−4 and 1.49× 10−4, respectively, consistent with the estimates in (32) and (35).
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FIG. 9: Time evolution of the adiabatic particle number for a sequence of two alternating-sign pulses, of the form (37), with
parameters: E = 0.5, a = 0.2, b = 2.5, transverse momentum k⊥ = 0, and longitudinal momentum k‖ = 1.85, in units with
m = 1. Here the pulses are much closer together than in Figure 7, and we observe in the first plot that at leading order of
the adiabatic approximation it is more difficult to resolve the situation into two pulses with coherent constructive interference
between the produced particles. For these parameters the optimal order is j = 2, and we see clearly the two-step coherent
constructive interference with plateaux in the ratio 1 : 4.
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FIG. 10: As in Figure 9, but with longitudinal momentum k‖ = 1.22175 Here the pulses are much closer together than in
Figure 8, and we observe in the first plot that at leading order of the adiabatic approximation it is more difficult to resolve the
situation into two pulses with coherent destructive interference between the produced particles. The optimal order is j = 2,
and we see clearly the two-step coherent destructive interference with vanishing asymptotic particle number.
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FIG. 11: Time evolution of the adiabatic particle number for a sequence of two alternating-sign pulses, of the form (39), with
parameters: E = 0.25, a = 0.1, b = 50, transverse momentum p⊥ = 0, and longitudinal momentum k‖ = 0.08336, in units with
m = 1. The optimally truncated order is j = 3, and the ratios of the plateaux are 1 : 3.99 : 8.9, very close to the expected
1 : 4 : 9 for coherent constructive interference of three pulses.
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B. Three Alternating-sign Electric Field Pulses
Consider an electric field consisting of the three successive pulses, of alternating sign:
E(t) = E sech2 [a(t+ 2b)]− E sech2 [at] + E sech2 [a(t− 2b)] (39)
for which we can choose a time-dependent vector potential:
A‖(t) = −E
a
(
tanh[a(t+ 2b)]− tanh(at) + tanh[a(t− 2b)]
)
(40)
The results are shown in Figure 11, with longitudinal momentum associated with coherent constructive interference.
Notice the large oscillations that shrink and smooth out as the optimal order of truncation (j = 3) is approached,
and return after this order is passed. Also notice the coherence effect that the three plateaux are in the ratio 1 : 4 : 9.
Figure 12 emphasizes this coherence effect, as the successive plateaux occur in the ratio 1 : 4 for two pulses, and in
the ratio 1 : 4 : 9 for three pulses, when the momentum of the produced particles corresponds to a maximum in the
momentum spectrum [68, 69].
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FIG. 12: Time evolution of the super-adiabatic particle number, normalized relative to the final value at future infinity, showing
the coherent nature of the interference. The first plot is for a two-pulse field (37), with parameters: E = 0.25, a = 0.1, b = 50,
transverse momentum k⊥ = 0, and longitudinal momentum k‖ = 2.515556, in units with m = 1; the second is for a three-pulse
field (39), with parameters: E = 0.25, a = 0.1, b = 50, k⊥ = 0, and k‖ = 0.08336, in units with m = 1. The optimally truncated
order is j = 3 in each case, and the ratios of the plateaux follow 1 : 4 for two pulses, and 1 : 4 : 9 for three pulses.
C. Approximate Super-Adiabatic Particle Number for Pulse Sequences
These interference effects arise due to phase differences between different sets of complex-conjugate turning points,
and have a significant effect on the final total particle number [68, 69], providing a simple semiclassical interpretation
of the numerical results in [70] which showed an intricate dependence of the momentum spectrum of the produced
particles on the carrier phase of the sub-cycle structure of a time-dependent laser pulse. The results of [68, 69] are
that the final particle number can be expressed as a sum over contributions from each set of turning points. For scalar
QED we have
Nk ≡ N˜k(t = +∞) ≈
∣∣∣∣∣∣
∑
tp
exp
(
2iθ
(p)
k
)
exp
(
−F (0)k,tp
)∣∣∣∣∣∣
2
(41)
where the exponent of the magnitude of the contribution of the turning point tp is
F
(0)
k,tp
≡ i
∫ t∗p
tp
ωk(t) dt (42)
while the accumulated phase (measured relative to the first real Stokes point s1, the point where the Stokes line
connecting t1 and t
∗
1 crosses the real axis) for turning point tp is
θ
(p)
k ≡
∫ sp
s1
ωk(t) dt ≈
∫ Re[tp]
Re[t1]
ωk(t) dt (43)
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If the pulse-sequence consists of alternating sign pulses of the same shape, then all the
∣∣∣e−F (0)k,tp ∣∣∣2 factors are ap-
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FIG. 13: The longitudinal momentum spectrum Nk as a function of the produced particle’s longitudinal momentum, for the
cases of one, two and three electric field pulses, of the forms (36), (37), and (39), respectively. The distribution is of the
n-slit interference form, with the envelope being n2 times the envelope for one pulse. When integrated over k‖, the total
particle number is just n times that for a single pulse, but the modes are redistributed into the n-slit form, with constructive
enhancement in some modes, and destructive interference in other modes.
FIG. 14: The approximate super-adiabatic particle number (45) plotted as a function of time and the produced particle’s
longitudinal momentum k‖ = k, for Schwinger pair production due to three alternating-sign pulses of the form (39) with
parameters: E = 0.5, a = 0.25, b = 7.5, and transverse momentum k⊥ = 0, in units with m = 1. Note that in the time
region −15 t 0, between the first and second pulses, the momentum distribution correponds to the asymptotic momentum
distribution for a single pulse; while in the time region 0  t  15, between the second and third pulses, the momentum
distribution correponds to the asymptotic momentum distribution for a sequence of two alternating sign pulses; and finally
for t  15, after the third pulse, the momentum distribution correponds to the asymptotic momentum distribution for a
sequence of three alternating sign pulses. This can also be seen in the accompanying Figure 15, which shows cross-sections
of the momentum distributions at times in-between the pulses. Notice that the time evolution of the super-adiabatic particle
number critically depends on the longitudinal momentum: for certain k there is enhancement due to constructive interference,
while for other k the interference is destructive.
proximately equal, and we can have constructive or destructive interference depending on the relative phases. These
phases depend both on the pulse parameters and on the produced particle’s longitudinal momentum k. In particular,
for equally-spaced alternating-sign pulses, we have approximately equal phase differences between successive turning
point pairs, leading to coherent interference:
Nn-pulsek ≈
{
N1-pulsek sin
2 [n θk] / cos
2 [θk] , n even
N1-pulsek cos
2 [n θk] / cos
2 [θk] , n odd
(44)
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Note that as a function of the longitudinal momentum k, these particle spectra represent the n-slit interference
pattern, here probed in the time-domain from the quantum vacuum [69]. In Figure 13 we show these momentum
spectra (for the final asymptotic particle number Nk = N˜k(t = +∞)), for the cases of one, two and three pulses, of
the forms (36), (37), and (39), respectively.
t = −7.5 t = +7.5
t = +30
FIG. 15: As in (14), but plotted over specific time ranges, ending with cross-sections at t = −7.5, t = +7.5, and t = +30,
respectively, to illustrate the time evolution of the longitudinal momentum spectrum (red-filled) of the produced particles
during the time periods between the particle creation events due to the pulses at t = 0,±15. The highlighted longitudinal
momentum spectrum of each subplot follows the n-slit interference pattern (44), which can be compared to the asymptotic
momentum spectra shown in Figure 13, for one, two and three pulses, respectively.
In this paper we consider not just these final values for the asymptotic particle number, but also the time evolution
of the adiabatic particle number. Since Berry’s universal time-evolution corresponds to the behavior in the vicinity
of a single turning point pair, we need to generalize the result (32) to the case with several (complex conjugate pairs
of) turning points, as occurs for electric fields with nontrivial temporal substructure [68]. Some steps in this direction
were taken for non-relativistic two-level systems [80].
The natural generalization of (32) is the following:
N˜k(t) ≈ 1
4
￿￿￿￿￿￿ tp exp
￿
2iθ
(p)
k
￿
exp
￿
−F (0)k,tp
￿
Erfc
￿
−σ(p)k (t)
￿￿￿￿￿￿￿
2
(45)
We have verified numerically that this form fits well with the time evolution of the super-adiabatic particle number
for sequences of time-dependent pulses for different field parameters and different momenta. In Figures 14 and 15 we
show plots of the super-adiabatic particle number (45) as a function of both time and the longitudinal momentum
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of the produced particles. These plots show the smooth evolution of the quantum interference effects due to three
separate particle creation events. After the first pulse, and before the second pulse, the momentum distribution has
the form that would be obtained asymptotically at future infinity from just a single pulse. But after the second
pulse, and before the third pulse, the momentum distribution has the form that would be obtained asymptotically at
future infinity from a sequence of two alternating-sign pulses. Finally, after the third pulse, we observe a momentum
distribution of the form that would be obtained asymptotically at future infinity from the full sequence of three
alternating-sign pulses. In Figure 15 we emphasize the interference effects of the time dependent super-adiabatic
particle number with cross-sections of the momentum distributions at times in-between the pulses. These time-slices
coincide with the final future infinity particle number momentum distributions shown in Figure 13 for one, two and
three pulses, respectively.
V. SUPER-ADIABATIC PARTICLE PRODUCTION IN DE SITTER SPACE
In this section we give numerical examples to illustrate how the super-adiabatic particle number evolves in time for
(eternal) de Sitter space in even and odd dimensions. It is known [26, 32, 33] that in even space-time dimensions there
is particle production in de Sitter space, but that there is no particle production in odd space-time de Sitter space
[27, 28]. It has been argued in [71] that this difference between particle production in even and odd dimensional de
Sitter space can also be understood in terms of quantum interference between two sets of complex turning points, and
the associated Stokes phenomenon.1 Here we analyze this question for the full time evolution of the super-adiabatic
particle number. We find that in even dimensions there is coherent constructive interference, while for odd dimensions
destructive interference leads to the vanishing of the net particle number. The resulting behavior is similar to that
of the two-pulse electric field example, with either constructive (even dimensions) or destructive (odd dimensions)
interference.
A. Super-Adiabatic Particle Number in 4d de Sitter space: coherent constructive interference
We compute the adiabatic particle number numerically using (24, 25), for various orders j of the adiabatic expansion,
starting with the time-dependent frequency for four dimensional de Sitter space, from (3, 4). We consider conformal
coupling, so that ξ = 16 in 4 dimensions.
The results are shown in Figure 16. Note the strong similarity to the two-alternating-sign-pulse Schwinger effect,
with particle momentum such that the interference is constructive, as shown in Figure 7. In the leading order of
the adiabatic expansion, there are two large oscillatory peaks, several orders larger than the final asymptotic particle
number. As the order of the adiabatic expansion increases these oscillations become smaller, and at the optimal
order (j = 3) the super-adiabatic particle number evolves much more smoothly. Moreover, we clearly see the two-
step structure, with the final plateau being 4 times the height of the intermediate plateau. This is indicative of
coherent constructive interference. Note also that this is completely consistent with the analysis of [32, 33]. See, for
example, Figure 6 of [32], where two creation events can be clearly seen, again associated with the two towers of
complex-conjugate turning points. Moreover, the first plateau is given in [32] by
∆N1 =
1
e2pi γ − 1 ≈ e
−2piγ (46)
while the second plateau is given by
∆N2 =
1
sinh2(pi γ)
≈ 4 e−2piγ (47)
which is 4 times as large. Furthermore, in Figure 8 of [32] one also sees an indication that higher orders of the
adiabatic expansion lead to a smoother time evolution of the adiabatic particle number. As we see from our Figure
16, if the order of the adiabatic expansion increases beyond the optimal order, the large oscillations return. At the
optimal order, the time evolution of the super-adiabatic particle number is given by Berry’s universal error function
form, generalized to two sets of turning points, as in (45).
1 There is also a distinct difference in the large order behavior of perturbation theory in even and odd dimensional de Sitter space-time
[87].
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FIG. 16: Time evolution of the adiabatic particle number for the first 6 orders of the adiabatic expansion, for particle
production in four-dimensional de Sitter space (3, 4), with parameters: k = 25 and H = 0.5, in units with m = 1. We use
conformal coupling so that ξ = 1
6
in d = 4. Note the similarity with the case of a two-alternating-sign-pulse electric field in the
Schwinger effect, with constructive interference, as in Figure 7. The final asymptotic value of the particle number, at future
infinity, is the same for all orders of truncation. Note that the final asymptotic value of the particle number is 4 (= 22) times
that of the intermediate plateau, which is the n2 enhancement factor for coherent constructive quantum interference, and is
consistent with the analysis of [32, 33]. At intermediate times there are large oscillations in the particle number, which become
much smaller as the optimal order (j = 3) is reached, and then grow again rapidly beyond this optimal order of truncation.
Such behavior is characteristic of asymptotic expansions, where the order of truncation depends on the size of the expansion
parameter, and going beyond this optimal order typically yields increasingly worse results.
B. Super-Adiabatic Particle Number in 3d de Sitter space: coherent destructive interference
We compute the adiabatic particle number numerically using (24, 25), for various orders j of the adiabatic expansion,
starting with the time-dependent frequency for three dimensional de Sitter space, from (3, 4). We consider conformal
coupling, so that ξ = 18 in 3 dimensions. The results are shown in Figure 17. Note the similarity to the two-
alternating-sign-pulse Schwinger effect, with particle momentum such that the interference is destructive, as shown
in Figure 8. In the leading order of the adiabatic expansion, there are two large oscillatory peaks, several orders
larger than the final asymptotic particle number. As the order of the adiabatic expansion increases these oscillations
become smaller, and at the optimal order (j = 3) the super-adiabatic particle number evolves much more smoothly.
Moreover, we clearly see the two-step structure, with destructive interference leading to the final asymptotic result
of zero net particle production. Also note that, as in the case of the Schwinger effect shown in Figure 8, the smooth
evolution and interference is most evident at the optimal order, namely for the super-adiabatic particle number, with
21
-15 -10 -5 0 5 10 15
0.00000
0.00002
0.00004
0.00006
0.00008
0.00010
0.00012
t
-15 -10 -5 0 5 10 15
0
2.´ 10-6
4.´ 10-6
6.´ 10-6
t
-15 -10 -5 0 5 10 15
0
2.´ 10-6
4.´ 10-6
6.´ 10-6
t
-15 -10 -5 0 5 10 15
0
2.´ 10-6
4.´ 10-6
6.´ 10-6
t
-15 -10 -5 0 5 10 15
0
2.´ 10-6
4.´ 10-6
6.´ 10-6
t
-15 -10 -5 0 5 10 15
0
5.´ 10-6
0.00001
0.000015
0.00002
0.000025
t
FIG. 17: Time evolution of the adiabatic particle number for the first 6 orders of the adiabatic expansion, for particle
production in three-dimensional de Sitter space (3, 4), with parameters: k = 25 and H = 0.5, in units with m = 1. We use
conformal coupling so that ξ = 1
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in d = 3. Note the similarity with the case of a two-alternating-sign-pulse electric field in
the Schwinger effect, with destructive interference, as in Figure 8. The final asymptotic value of the particle number, at future
infinity, is the same for all orders of truncation. The final asymptotic value of the particle number vanishes, due to coherent
destructive quantum interference, consistent with the analysis of [71]. At intermediate times there are large oscillations in the
particle number, which become much smaller as the optimal order (j = 3) is reached, and then grow again rapidly beyond this
optimal order of truncation. Such behavior is characteristic of asymptotic expansions, where the order of truncation depends
on the size of the expansion parameter, and going beyond this optimal order typically yields increasingly worse results.
the large oscillations returning as one goes beyond the optimal order.
VI. CONCLUSIONS
In this paper we have studied the time evolution of the adiabatic particle number for particle production in time-
dependent electric fields (the Schwinger effect) and in de Sitter space. We examined various orders of the adiabatic
expansion, noting the well-known fact that the time evolution at intermediate times is highly sensitive to the truncation
order, even though the final particle number at future infinity is independent of this order. Nevertheless, defining
the super-adiabatic particle number as that corresponding to the optimal truncation of the adiabatic expansion, we
found very good agreement with Berry’s universal error-function form of the time evolution (32) for a single pulse
creation event, and with our generalization (45) for backgrounds with structure corresponding to multiple particle
creation events. The phase differences between different sets of turning points incorporate the physics of quantum
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interference, which has a significant impact on the final particle number. The universality of these super-adiabatic
results means that in fact one does not need to make the explicit adiabatic expansion to the optimal order, which is
complicated at high orders, and moreover for which the optimal order depends on the physical parameters. Instead,
equations (32) and (45) express the universal time-evolution form at the optimal order in a simple and compact way.
As illustrations, we have verified the accuracy of this result in a variety of circumstances.
This super-adiabatic particle number typically evolves in time much more smoothly than at low orders of the
adiabatic expansion. Furthermore, the resulting time evolution reveals the quantum interference processes at work in
the Stokes phenomenon, which is ultimately responsible for particle production. Depending on the phase accumulated
by the Bogoliubov coefficients between successive turning points, the net particle number at future infinity can be
understood in terms of quantum interference between different particle creation events. For the Schwinger effect we
illustrated this for sequences of two and three alternating-sign electric field pulses, which can exhibit both constructive
or destructive interference, depending on the momentum of the produced particles. For particle production in global
de Sitter space, the distinction between constructive and destructive interference lies in the space-time dimensionality,
with even dimensional de Sitter space producing a net particle number by coherent constructive interference, and odd
dimensional de Sitter space producing zero net particle number, due to coherent destructive interference.
Some important open questions include: (i) the behavior of the induced current and the energy momentum tensor
in this super-adiabatic basis; (ii) the relation to the observer and possible measurement processes; (iii) back reaction
effects; (iv) the relation to other formulations of particle production, other than this Bogoliubov transformation
formalism. These will be addressed in future work.
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